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C1-TRIANGULATIONS OF SEMIALGEBRAIC SETS
TORU OHMOTO AND MASAHIRO SHIOTA
Abstract. We show that every semialgebraic set admits a semialgebraic triangulation such
that each closed simplex is C1 differentiable. As an application, we give a straightforward
definition of the integration
∫
X
ω over a compact semialgebraic subset X of a differential
form ω on an ambient semialgebraic manifold. This provides a significant simplification of
the theory of semialgebraic singular chains and integrations without using geometric measure
theory. Our results hold over every (possibly non-archimedian) real closed field.
1. Introduction
In this paper, we solve a fundamental question on the C1-regularity of triangulations for
semialgebraic sets. Also an elementary application to the integration of differential forms is
discussed, that would be useful, e.g. for the de Rham homotopy theory of semialgebraic sets
introduced by Kontsevich-Soibelman [8]. For simplicity, we mainly work on the category of
semialgebraic sets and maps over the real number field R, although our argument goes well
in a more general category over a general real closed field, e.g. an o-minimal category, the
category of subanalytic sets and maps or more generally an X-category with Axiom (v) in [13,
II, p.97].
To begin with, we explain a convention of terminologies which will be used throughout
the present paper. Let X ⊂ Rm and Y ⊂ Rn be semialgebraic sets, i.e., subsets defined
by finitely many polynomial equations, inequalities and Boolean operations; a semialgebraic
map X → Y is a map whose graph is a semialgebraic set in Rm × Rn. A subset X ⊂ Rm
is a locally semialgebraic set if for any compact m-disk D in Rm, X ∩ D is semialgebraic; a
map X → Y is called locally semialgebraic if for any compact semialgebraic subset X ′ of X,
the restriction to X ′ is a semialgebraic map. Note that locally semialgebraic does not imply
semialgebraic. Because we systematically deal with possibly non-compact spaces, we use
the notion semialgebraic to mean locally semialgebraic in the above sense, unless specifically
mentioned. Let k be an integer. A semialgebraic Ck map X → Y is the restriction of a
semialgebraic map of class Ck from some semialgebraic open neighborhood of X in Rm to Rn;
in fact, we can extend it to Rm → Rn by multiplying a semialgebraic Ck function φ on Rm
such that φ = 1 on X and φ = 0 outside of a smaller closed neighborhood (cf. [13]).
We write (half-)open intervals like as (0, 1) = { t ∈ R | 0 < t < 1 } and [0, 1) = { t ∈ R | 0 ≤
t < 1 } etc.
Key words and phrases. semialgebraic sets, subanalytic sets, X-sets, o-minimal category, triangulation, curve
selection lemma, differential forms, piecewise algebraic differential forms, de Rham homotopy theory.
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2 T. OHMOTO AND M. SHIOTA
1.1. C1 triangulation. In the present paper, a semialgebraic triangulation of a locally closed
semialgebraic set X means the pair of a locally finite simplicial complex K and a semialge-
braic homeomorphism f : |K| → X, where |K| is the polyhedron in some Euclidean space
R` obtained as the geometric realization of K. It is well known that such a semialgebraic
triangulation always exists (see Theorem 2.2 below); moreover, it is possible to take (K, f) so
that f |Int (σ) is a Ck diffeomorphism for each σ ∈ K, where Int (σ) denotes the interior of σ
and k ≥ 1. However we here do not require any regularity of C0 manifolds f(Int (σ)) in our
definition of semialgebraic triangulation. Instead, we are concerned with the differentiability
(the regularity) of f(σ) along the boundary ∂σ. Our main theorem is the following:
Theorem 1.1. For a locally closed semialgebraic set X, there exists a semialgebraic triangu-
lation (K, f) so that the map f : |K| → X is of class C1.
We call (K, f) in the theorem a semialgebraic triangulation of X with a C1 realization.
Then, it follows that for each σ ∈ K, f(σ) is semialgebraically homeomorphic to the closed
simplex σ ⊂ |K| and the differential d(f |σ) exists and is continuous on σ (precisely saying, f
is of class C1 on a neighborhood Uσ of σ in R`, and hence, taking the affine subspace H of
the same dimension containing σ, f |H∩Uσ is also C1). However, as a cost for that, d(f |σ) may
drop the rank along the boundary ∂σ and some smaller dimensional semialgebraic subset of
Int (σ).
The proof is elementary, only using standard techniques such as triangulation, tube and
the curve selection lemma (some basic facts are summarized in Section 2), so it would be
readable even for non-experts. The proof is done in the case of semialgebraic sets over R, but
it is presented in such a way that it is valid in a more general context of X-category over a
real closed field R in the sense of [13]; in particular, it works in the category of subanalytic
sets and maps. Furthermore, our argument fits with piecewise algebraic spaces introduced in
[8] (Remark 3.8).
There remain some open questions. For instance, we do not know whether or not f can be
of class Ck (2 ≤ k ≤ ∞ or k = ω). As known, any Whitney stratified set is triangulable, so
it would be natural to ask if the realization map f can be C1, see e.g. [12].
1.2. Differential forms and integration. Let M be a semialgebraic manifold and X a
compact semialgebraic subset of M (p = dimX). Take a semialgebraic triangulation (K, f)
of X with a C1 realization. Here K is a finite simplicial complex. For a differential p-form
ω ∈ Ωp(M) and a p-simplex σ ∈ K, the integral of ω on σ is defined in an obvious way by∫
f(σ)
ω :=
∫
σ
(f |σ)∗ω
because the map f |σ : σ → M is of class C1 (the integral is often written by
∫
σ ω for short).
Suppose that X has the Z-fundamental class. Put∫
X
ω :=
∑∫
f(σ)
ω
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where the sum runs over all p-simplices σ in K with suitable orientation so that they form
the fundamental cycle. It is almost obvious that the value
∫
X σ does not depend on the
choice of (K, f) of X (Theorem 4.1). Consequently, the theory of integration of differential
forms over semialgebraic sets can be treated in entirely the same manner as in the case of
manifolds – that simplifies the treatment of semialgebraic chains and integrations, without
using geometric measure theory due to Hardt et al [3, 5, 6, 8] (see Remarks 4.3, 4.4). In fact,
a traditional way using geometric currents involves the limiting process:
∫
σ ω is defined by the
integral of ω over the interior Int (σ) which absolutely converges (that is shown by the fact
that the induced volume is finite). On the other hand, our definition uses only the definite
integral of a continuous function on a compact domain σ.
We remark that our definition of
∫
X ω works over not only the real number field R but also
any possibly non-archimedian real closed field R. Then the value of the integral does not take
values in the same field R but in a larger saturated field (see [11]). In particular, the volume
of a bounded definable set in Rm is bounded within R (Remark 4.5).
Acknowledgement. This work was originally motivated by a question of Tatsuo Suwa about
the definition of
∫
X ω using triangulation, which was needed for rigorously establishing the
Alexander duality for an embedded analytic subvariety in the Cˇech-de Rham context [14].
The authors would like to thank Tatsuo Suwa for guiding them to this problem and for useful
discussions. During preparing the final version of the present paper, we were informed about
two recent preprints [2] and [7]; we also thank G. Comte and M. Hanamura for letting us
know of those papers, respectively. The first author is supported by JSPS KAKENHI Grants
no.24340007 and no.15K13452, and the second author is supported by JSPS KAKENHI Grant
no.26400084.
2. Preliminary
We summarize some basic facts in semialgebraic geometry, which are also valid without
any change for the locally semialgebraic setting in our sense. As noted in Introduction, we
simply say semialgebraic to mean locally semialgebraic, unless specifically mentioned.
2.1. Triangulation. Let k be an integer and X ⊂ Rm a semialgebraic set. A semialgebraic
Ck stratification of X is a family S = {Xi} of semialgebraic subsets of X (called strata of S)
so that each Xi is a locally closed C
k submanifold of Rm, X =
⊔
Xi (disjoint), Xi ∩ Xj =
∅ (i 6= j), S is locally finite, and S satisfies the frontier condition, i.e., for each Xi, the closure
Xi is a union of Xi and some Xj ∈ S of smaller dimension. We say that S is compatible with
a family A of subsets of X if for each stratum V ∈ S and each A ∈ A, it holds either V ⊂ A
or V ∩A = ∅. A semialgebraic Ck stratification of a semialgebraic C0 map f : X → Y is the
pair of semialgebraic Ck stratifications S of X and T of Y such that for each V ∈ S, f(V )
is a stratum of T and f |V : V → f(V ) is a semialgebraic Ck submersion. We denote it by
f : (X;S) → (Y ; T ). Such a semialgebraic stratification always exists (the statement can be
more enhanced so that S and T satisfy the Whitney condition, but we do not need it later):
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Lemma 2.1. (Canonical stratification of maps [4], [13, I. Lemmas 2.2, 2.6; 2.10, 2.14])
Let X be a semialgebraic set and k ≥ 1. Let X ′ be a closed semialgebraic subset of X, S a
semialgebraic Ck stratification of X−X ′, and A a finite family of semialgebraic subsets of X ′.
Assume dimX ′ < dimV for any V ∈ S. Then there exists a semialgebraic Ck stratification
S ′ of X ′ compatible with A such that S unionsq S ′ is a semialgebraic Ck stratification of X.
Moreover, let f : X → Y be a proper semialgebraic C0 map such that f(X ′)∩f(X−X ′) = ∅.
Assume f : (X − X ′;S) → (f(X − X ′); T ), where T consists of all f(V ), V ∈ S, is a
semialgebraic Ck stratification of f |X−X′. Then we can choose S ′ so that f : S unionsqS ′ → T unionsqT ′,
where T ′ consists of all f(V ′), V ′ ∈ S ′, is a semialgebraic Ck stratification of f : X → f(X).
Theorem 2.2. ( Lojasiewicz’s triangulation theorem [9], [13, II.2.1]) Let X be a locally
closed semialgebraic set in Rm and A a finite family of semialgebraic subsets of X. Then there
is a pair of (K,h) of a locally finite simplicial complex K and a semialgebraic homeomorphism
h : |K| → X so that {h(Int (σ)), σ ∈ K} is a semialgebraic Ck stratification of X compatible
with A.
Those theorems have been extended to more general categories (o-minimal, subanalytic,
X), e.g. see [13].
2.2. Curve selection lemma. We will frequently use the following version of the curve
selection lemma (wing lemma) afterward. There is a number of literature; the origin goes
back to Whitney and Milnor, and a recent one is, e.g. a version in o-minimal category [10,
Lem.1.7]. For proving its X-version, it suffices to use the X-isotopy lemma [13, II.6].
Lemma 2.3. (Wing lemma) Let V ⊂ Rm be a non-empty semialgebraic open subset, and Z
a semialgebraic subset of Rm×Rn so that its closure Z contains V ×{0} and Z∩(V ×{0}) = ∅.
Then there is a non-empty semialgebraic open subset U ⊂ V which admits a semialgebraic C0
map c : U × [0, a) → Rn with some a > 0 so that c(x, 0) = 0 for x ∈ U , (x, c(x, t)) ∈ Z and
|c(x, t)| = t for any t 6= 0, and c is of class Ck on U × (0, a).
3. Proof – Panel beating
3.1. Panel beating. We will prove a bit more general statement.
Theorem 3.1. Let X be a locally closed semialgebraic set with a semialgebraic triangula-
tion (K, f), and ϕ : X → Y a semialgebraic C0 map. Then there exists a semialgebraic
homeomorphism χ of |K| such that χ preserves any σ ∈ K and the composed map
ϕ ◦ f ◦ χ : |K| '−→ |K| '−→ X −→ Y
is of class C1.
Theorem 1.1 is the case of X = Y and ϕ = idX .
Definition 3.2. We call χ a panel beating of the triangulation (K, f) of X with respect to
ϕ : X → Y .
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Notice that in Theorem 3.1, χ can be chosen so that χ itself, f ◦χ and ϕ ◦ f ◦χ are of class
C1 simultaneously. In fact, we have
Corollary 3.3. Let X and (K, f) as above. Suppose that we are given semialgebraic C0 maps
ϕ(j) : X → Yj (1 ≤ j ≤ s). Then, there is a common panel beating χ such that each ϕ(j) ◦f ◦χ
is of class C1.
Proof. Apply Theorem 3.1 to the map ϕ =
∏
ϕ(j) : X → Y = ∏Yj . 
Here is an obvious example. Consider ϕ : R→ R given by ϕ(u) = √|u|, and decompose R
into (−∞, 0), {0} and (0,∞). Put
χ0(u) =
{
u4 (u ≥ 0)
−u4 (u ≤ 0)
then it is a panel beating; indeed, ϕ ◦ χ0(u) = u2. At a key step (Lemma 3.5) in the proof
of Theorem 3.1, we glue together this kind of mappings χ0 via a semialgebraic version of
partition of unity to construct the desired semialgebraic homeomorphism χ : |K| → |K|.
3.2. Proof of Theorem 3.1. Let X be a locally closed semialgebraic set which admits a
semialgebraic triangulation (K1, f1) with |K1| ⊂ Rm, and Y a semialgebraic set in Rp. Let
ϕ : X → Y be a semialgebraic C0 map. By the semialgebraic Tietze theorem, e.g. [1,
Prop.2.6.9] (or using a semialgebraic partition of unity and tubes [13]), we see that the map
ϕ ◦ f1 is extended to a semialgebraic C0 map Rm → Rp. The graph map is denoted by
f : Rm → Rn := Rm × Rp, which is semialgebraic C0 and proper. Also we extend K1 to
a simplicial decomposition (locally closed infinite simplicial complex) K of Rm. To prove
Theorem 3.1 we find a semialgebraic homeomorphism χ : Rm → Rm so that χ preserves any
simplices of K and f ◦ χ is of class C1.
By Lemma 2.1, there is a semialgebraic C2 stratification S → T of f , such that each simplex
in K is a finite union of some strata of S. The restriction of f on each stratum is of class C2
by definition, so in particular f is C1 on the union of open strata. Now we use the downward
induction on dimension d (≤ m− 1) of the ‘bad subset’ where f is not C1: We will construct
a panel beating χ around the subset so that f ◦χ is C1 off a smaller subset of less dimension.
Clearly, it suffices to construct χ around each connected stratum of top dimension of the bad
subset. Furthermore, we may assume that the stratum is semialgebraically diffeomorphic to
Rd (by subdividing S and T if necessary).
(Induction hypothesis) Suppose that there is a stratum V ' Rd of S such that f is of
class C1 over the complement Rm − V .
Since V is a C2 submanifold, the tangent bundle TV is of class C1. By using the orthogonal
projection to TxV , we can obtain a semialgebraic C
1 tube T = (|T |, pi, ρ) at V in Rm as in
[13, Lemma II.5.1]. Here |T | is a semialgebraic neighborhood of V in Rm together with
semialgebraic C1 maps pi : |T | → V and ρ : |T | → R so that
• ρ(y) ≥ 0 (y ∈ |T |) and V = ρ−1(0),
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• pi × ρ : |T | − V → V × R>0 is a proper submersion onto V × (0, 1],
• d(y, V ) = inf{||x− y||, x ∈ V } → 0 (y ∈ T ) as pi(y) tends to a point in V − V .
We choose T small enough so that
• |T | ∩ σ = ∅ for σ ∈ K with σ ∩ V = ∅.
Let D denote the unit closed disk in Rm−d centered at 0. By the construction of T , there
is a semialgebraic C1 diffeomorphism
g : V ×D → |T |, g(x, u) = x+
∑
k
ukuk(x)
with x = (x1, · · · , xd) ∈ V and u = (u1, · · · , um−d) ∈ D such that u1(x), · · · ,um−d(x) ∈
TxV
⊥ form a semialgebraic C1 vector frame so that
pi ◦ g(x, u) = x and ρ ◦ g(x, u) = |u| =
(∑
u2k
)1/2
.
For u 6= 0, set u¯ := u/|u| ∈ ∂D.
We construct a modification χ of |T | as follow. Let I = (0, 1) ⊂ R an open interval. Let
η : V × I → I be a semialgebraic C1 map such that I 3 t 7→ η(x, t) ∈ I is a diffeomorphism
for each x ∈ V , η(x, t) = t for t ≥ 12 , and
η(x, t)→ 0 and ∂η
∂t
(x, t)→ 0 as t→ 0
(in fact, in Lemma 3.5 below, we will take η depending on the variables x in order to satisfy
a nice property). We then define a semialgebraic homeomorphism χ : |T | → |T | by
χ(y) = χ(g(x, u)) = g(x, η(x, |u|) u¯)
for y = g(x, u) ∈ |T | − V and χ|V = idV . We also write χ(x, u) = (x, η(x, |u|) u¯) ∈ V ×D.
Since χ(y) = y if ρ(y) ≥ 12 , χ is extended to χ : Rm → Rm so that χ = id outside of |T |.
Lemma 3.4. The semialgebraic homeomorphism χ preserves every σ ∈ K with σ ∩ V 6= ∅,
and f ◦ χ : Rm → Rn is a semialgebraic C0 map and is of class C1 on Rm − V .
Proof. If V ⊂ τ and σ ∩ V 6= ∅, then τ is a face of σ or τ = σ; if y ∈ |T | ∩ σ and x = pi(y),
then the segment xy is in σ, hence χ(y) ∈ σ. Since pi, ρ, η are of class C1, χ is so over |T |−V .
By the assumption that f is C1 off V , f ◦ χ is also. 
Lemma 3.5. We can choose η(x, t) such that for every 1 ≤ k ≤ m− d and for every x ∈ V ,
it holds that
• ∂(f ◦ χ)
∂uk
(x, 0) = 0
• ∂(f ◦ χ)
∂uk
(x′, u′)→ 0, as (x′, u′)→ (x, 0) ∈ V ×D
Proof. For sufficiently small t ≥ 0, we set
g(t) := sup
x∈V,u¯∈∂D
‖ f(x, t u¯)− f(x, 0) ‖ .
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Note that f(x, t u¯)− f(x, 0) → 0 as x converges to a point in the boundary V − V , because
f is continuous and d(g(x, t u¯), V ) → 0 by a condition of T , therefore g(t) is attained as the
maximum. It is easily checked that g(t) is a semialgebraic C0-function; in particular, g(t)→
g(0) = 0 as t → 0. By the (ordinary) curve selection lemma, we see g(t) = O(tα) with some
positive rational number α. Put ξ(t) = tr0 with r0 > max{ 1α , 1}, then g(ξ(t))t → 0 as t → 0.
Thus 1t (f(x, ξ(t) u¯)−f(x, 0))→ 0 for any x and u¯. In particular, we can choose η(x, t) so that
η(x, t) ≤ ξ(t) for every x ∈ V ; then every directional derivative of f ◦ χ (= f(x, η(x, |u|)u¯))
at (x, 0) exists, and it is actually zero. Thus the first claim is verified. Next, we find such a
function η(x, t) which also leads to the second claim. Since f and χ are C1 on T − V , f ◦ χ
is C1 and there are semialgebraic C0 maps Ak(x, u) and Bk(x, u) for each k such that
∂(f ◦ χ)
∂uk
(x, u) = η(x, |u|)Ak(x, u) + ∂η
∂t
(x, |u|)Bk(x, u) (x ∈ V, |u| 6= 0).
For x ∈ V and 0 < t < 1, set
a(x, t) := min
{
1, 1|Ak(x,u)| ,
1
|Bk(x,u)|
∣∣ |u| = t, 1 ≤ k ≤ m− d } .
Notice that a(x, t) is a positive semialgebraic C0 function on V × I. By using a partition
of unity on V (which is locally semialgebraic in our sense), we can construct η(x, t) which
satisfies η(x, t) ≤ ξ(t), 0 < η(x, t) < t · a(x, t) and 0 < ∂η∂t (x, t) < t · a(x, t) for 0 < t  1;
then both η · |Ak| and ∂η∂t · |Bk| are less than t = |u|, thus we have |∂(f◦χ)∂uk (x, u)| < 2|u|,
that implies the second claim. In fact, it is easy to find such a function η(x, t) locally.
For a compact semialgebraic subset K ⊂ V , which is the closure of an open set of V , put
aK(t) := minx∈K a(x, t); by the curve selection lemma again, we may write aK(t) = O(tα)
with some α ≥ 0; then we can take ηK(t) = tr (r > r0) so that ηK and ddtηK are smaller
than t ·aK(t) near t = 0. By a semialgebraic bump function, it is extended to a semialgebraic
diffeomorphism ηK : I → I with ηK(t) = t for t ≥ 1/2. Put ηK(x, t) := ηK(t) : K× I → I. To
obtain the desired function η(x, t) on V × I, it suffices to gather together such ηK by mean
of a semialgebraic partition of unity on V . 
Here is an obvious claim in elementary calculus, which will be used in the proof of the next
Lemma 3.7.
Lemma 3.6. Let ν(s, t) be a C1 function on R× (0, 1) such that |∂ν∂s (s, t)| > K for some fixed
K > 0. If ν extends continuously to R× {0}, then ν(s, 0) is not constant.
Proof. Assume ∂ν∂s (s, t) > K. Use ν(s1, t)−ν(s0, t) > K(s1−s0) if s1 > s0, and take t→ 0. 
Lemma 3.7. Let η be as in Lemma 3.5. Then there is a semialgebraic subset S of V with
dimS < d = dimV satisfying that
• ∂(f ◦ χ)
∂xj
(x, 0) =
∂f
∂xj
(x, 0)
• ∂(f ◦ χ)
∂xj
(x′, u′)→ ∂f
∂xj
(x, 0), as (x′, u′)→ (x, 0) ∈ (V − S)×D
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for every 1 ≤ j ≤ d and for every x ∈ V − S.
Proof. The first claim follows from the condition that χ|V = idV . For the second, we set
F (x, u) = f ◦ χ(x, u)− f(x, 0), F = (F1, · · · , Fn) ∈ Rn,
which is continuous on V ×D and of class C1 on V × (D − {0}). Note that
F (x, 0) = 0 (x ∈ V ).
Put
h(x, u) := max
i,j
∣∣∣∣ ∂Fi∂xj (x, u)
∣∣∣∣ (u 6= 0),
which is a semialgebraic C0 function on V × (D − {0}). It holds that∣∣∣∣ ∂(fi ◦ χ)∂xj (x′, u′)− ∂fi∂xj (x, 0)
∣∣∣∣ ≤ h(x′, u′) + ∣∣∣∣ ∂fi∂xj (x′, 0)− ∂fi∂xj (x, 0)
∣∣∣∣
and ∂fi∂xj (x, 0) is continuous by the assumption that f |V is C1, hence it is enough to consider
the condition that h(x′, u′)→ 0 as (x′, u′)→ (x, 0).
Let S be the subset of V consisting of x such that there exists a sequence of points (x′, u′) ∈
V ×D converging to (x, 0) with h(x′, u′) not converging to 0, that is,
S =
{
x ∈ V
∣∣∣∣ ∃  > 0 ∀ δ > 0 ∃(x′, u′) ∈ V ×D s.t. |x′ − x|+ |u′| < δ,h(x′, u′) > 
}
.
The ‘bad set’ S is semialgebraic; indeed, S is obtained by projecting a semialgebraic subset S′
in V ×R>0 consisting of (x, ) which satisfy the corresponding condition (i.e., ∀ δ > 0, ∃ (x′, u′)
such that |x′ − x|+ |u′| < δ and h(x′, u′) > ). We show that S is of dimension < d = dimV .
Suppose that dimS = d. Below we make five steps for deducing the contradiction. A major
tool is the curve selection lemma (Lemma 2.3), which is used in each step from (1) to (4).
(1) There is a non-empty semialgebraic open subset U0 ⊂ S with a constant 1 > 0 such
that for each x ∈ U0, there is a sequence of points (x′, u′) ∈ V ×D converging to (x, 0) with
h(x′, u′) > 1. This is easily verified by applying Lemma 2.3 to the above semialgebraic set
S′ ⊂ S × R; in fact, the closure S′ contains S × 0, hence there are U0 and 1 > 0 so that
U0 × (0, 21) ⊂ S′; in particular, U0 × 1 ⊂ S′.
(2) Let Z := {(x, u) ∈ V × D | h(x, u) > 1}, then Z contains U0 × {0}. By Lemma 2.3,
there is a non-empty semialgebraic open subset U1 of U0 which admits a semialgebraic C
0
map
c : U1 × [0, a1)→ D
for some a1 > 0 so that u = c(x, t) is C
1 for t > 0, and c(x, 0) = 0, t = |c(x, t)| and
h(x, c(x, t)) > 1 ( ∀(x, t) ∈ U1 × (0, a1) ).
(3) Put c(x, t) = (c1(x, t), · · · , cm−d(x, t)) ∈ D. We claim that all the derivatives ∂ck∂xj (x, t)
are bounded over some open subset U×(0, a) of U1×(0, a1). Suppose that v(x, t) := | ∂c1∂x1 (x, t)|
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is unbounded over any open subsets of the form U×(0, a). Take M > 0. Then for any x ∈ U1,
there is a sequence of points (x′, u′) converging to (x, 0) with v(x′, u′) > M . Let
Z ′ := {(x, u) ∈ U1 × (0, a1) | v(x, u) > M},
then Z ′ contains U1 × {0}, and Z ′ is semialgebraic, for v(x, t) is semialgebraic. By Lemma
2.3, there is an open subset U × (0, a), over which v(x, u) > M . Take a small segment in U
given by γ(s) := b + (s, 0, · · · , 0) (0 ≤ s ≤ δ, b ∈ U) and put ν(s, t) := c1(γ(s), t). Since
c(x, 0) = 0, we have ν(s, 0) = 0, but it makes the contradiction by Lemma 3.6. Repeating the
same argument for all j and k, the claim is proved.
(4) Without loss of generality, we may assume that the partial derivative of the first com-
ponent function of F with respect to the first coordinate of V satisfies∣∣∣∣∂F1∂x1 (x, c(x, t))
∣∣∣∣ > 1 (∀(x, t) ∈ U × (0, a) ).
In fact, if not so, then for each i, j, it holds that for any x ∈ U , there is a sequence (x′, t′)→
(x, 0) with
∣∣∣∂Fi∂xj (x′, c(x′, t′))∣∣∣ ≤ 1. Hence by applying Lemma 2.3 again, we find a (common)
small positive number a′ so that
∣∣∣∂Fi∂xj (x, c(x, t))∣∣∣ ≤ 1 on U × (0, a′) for every i, j, but that
contradicts the condition h > 1 in the step (2).
(5) Consider a C0 function on U × [0, a) given by
φ(x, t) := F1(x, c(x, t)),
which is C1 off t = 0. By the chain rule, we have
∂φ
∂x1
(x, t) =
∂F1
∂x1
(x, c(x, t)) +
∑
k
∂(f1 ◦ χ)
∂uk
(x, c(x, t))
∂ck
∂x1
(x, t).
Since
∣∣∣ ∂ck∂xj (x, t)∣∣∣ is bounded by (3) above, the sum ∑k in the right hand side converges to 0
as t→ 0 by Lemma 3.5. Therefore, by (4), we can take an open subset U ′ with U ′ ⊂ U , and
0 < a′ < a such that ∣∣∣∣ ∂φ∂x1 (x, t)
∣∣∣∣ > 12 (∀(x, t) ∈ U ′ × (0, a′) ).
Take a segment in U ′ of the form γ(s) := b + (s, 0, · · · , 0) and put ν(s, t) := φ(γ(s), t). By
Lemma 3.6, ν(s, 0) is not constant. However, for any x ∈ U ,
φ(x, 0) = F1(x, c(x, 0)) = F1(x, 0) = 0,
that causes the contradiction. This completes the proof. 
Proof of Theorem 3.1: From the above Lemmas 3.5 and 3.7,
d(f ◦ χ)(y)→ d(f ◦ pi)(x) as |T | 3 y → x ∈ V − S,
thus f ◦ χ is of class C1 on the complement to (V − V ) unionsq S. The bad subset is semialgebraic
and of dimension less than d = dimV . By Lemma 3.4, χ preserves K. By applying Lemma
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2.1 again we obtain a stratification of f ◦ χ : Rm → Rn which subdivides K and the bad
subset, hence the induction step is verified. This completes the proof of Theorem 3.1. 
Remark 3.8. (PA spaces) In Theorems 1.1 X is assumed to be embedded in Rm, but the
global embeddability is not needed essentially, because key lemmas in the proof deal with local
problems. Indeed, our argument fits with the framework of (possibly non-compact) piecewise
algebraic spaces introduced by Kontsevich-Soibelman [8]; a PA space is a locally compact
Hausdorff space X =
⋃
Xα made by glueing countably many compact semialgebraic sets Xα
via semialgebraic homeomorphisms on constructible subsets Xα ⊃ Xαβ '→ Xβα ⊂ Xβ. In
the same approach, we can see that any PA space admits a (PA) triangulation with a C1
realization so that the (locally finite) simplicial complex is locally realized in some Rm.
4. Semialgebraic chains and integrations
4.1. Integrals of differential forms. Let M be a semialgebraic manifold, X a compact
semialgebraic subset of M (dimX = p) with a semialgebraic subset ∂X ⊂ X so that ∂X is
locally the boundary of the regular part Xreg around each regular point of ∂X. Assume that
X has a fundamental class µX ∈ Hp(X, ∂X;Z), i.e., i∗µX generates Hp(X,X − x;Z) ' Z for
any regular point x ∈ Xreg − ∂X with inclusion i : X − x ↪→ X.
Let (K, f) be a semialgebraic triangulation of X with a C1 realization as in Theorem 1.1.
Then for each simplex σ ∈ K, f |σ : σ → X is a semialgebraic C1 map. The chain
∑
σ of all
p-simplices in K with suitable orientation represents µX ; we define the integral over X of a
differential p-form ω on M by
∫
X
ω :=
∑∫
σ
(f |σ)∗ω.
We show that the integral does not depend on the choice of (K, f).
Let (K1, f1) and (K2, f2) be semialgebraic triangulations of X with C
1 realizations. Obvi-
ously, there is a semialgebraic homeomorphism τ : |K1| → |K2| with f1 = f2 ◦ τ . Applying
Lemma 2.1, we have a stratification for τ , and let A be the set of strata of the source
stratification of τ , σ ∈ K1 and τ−1(σ′) of σ′ ∈ K2. By Theorem 2.2, we can find a semial-
gebraic triangulation (K,φ1) of |K1| compatible with A. Set φ2 = τ ◦ φ1 : |K| → |K2| and
g = f1 ◦ φ1 = f2 ◦ φ2 : |K| → X. Notice that any simplex of Kj (j = 1, 2) is the union of
the image of finitely many simplices of K via φj . By Corollary 3.3, there is a common panel
beating χ of |K| such that φj ◦χ (j = 1, 2) are of class C1. Put f := g ◦χ = fj ◦ (φj ◦χ), then
f is C1, for fj and φj ◦ χ are so. We call the obtained triangulation (K, f) of X a common
C1 refinement of (K1, f1) and (K2, f2).
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|K1|
f1
  
|K| χ // |K|
φ1
==
φ2 !!
g // X
|K2|
f2
>>
Theorem 4.1. The integral
∫
X ω is well-defined, i.e., it does not depend on the choice of
semialgebraic triangulation of X with C1 realization.
Proof. Let σ : ∆p → X be a semialgebraic C0 map. By a panel beating, we may assume
that σ itself is of class C1. Let (K,h) be a semialgebraic triangulation of ∆p with a C1
realization. Then h : ∆p = |K| → ∆p is a C1 map which is diffeomorphic off a measure zero
subset, thus we have
∫
σ ω =
∫
∆ g(x)dx =
∫
∆ g(h(u))|∂h∂u |du =
∫
σ◦h ω for a differential p-form
σ∗ω = g(x)dx1∧· · ·∧dxp. By using a common C1 refinements of triangulations, the assertion
immediately follows. 
Proposition 4.2. The Stokes formula holds,
∫
X dω =
∫
∂X ω, provided X and ∂X have fun-
damental cycles.
Proof. It is the same as in the smooth case. 
The above argument is also applied to the case of non-compact X and compact supported
ω. We can also work on subanalytic sets or more generally X-sets (see Remarks below); in
particular, the same treatment is available for complex analytic sets and integrations of (p, q)-
differential forms. There is an alternative approach for the integration on subanalytic sets,
e.g. [15].
Remark 4.3. (Semialgebraic currents) Our integral
∫
X ω over a compact semialgebraic
set X coincides with the integral as a semialgebraic current in geometric measure theory
[3, 5, 6]. The key point in the theory is that X has a finite volume, hence the integral over the
interior absolutely converges. Subanalytic currents are also available. However, the theory
of currents is unclear for a more general setting such as the category of X-sets or o-minimal
category over any real closed field, while our approach does not have any trouble in such a
general context.
Remark 4.4. (de Rham homotopy theory of PA spaces) In [8] the foundation of
semialgebraic differential forms on semialgebraic sets, more precisely PA forms on PA spaces,
has been introduced for the use in proving the formality of little cubes operads; in particular,
as an analogy to the de Rham algebra of differential forms on smooth manifolds, the algebra
of PA forms encodes the information of the real homotopy type of the PA space. A large
portion of the theory of PA forms has been clarified in [6] through a bit long discussion
using semialgebraic currents. Our approach using panel beatings simplifies the arguments in
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a straightforward way; it enables us to directly connect the de Rham algebra of PA forms
with Sullivan’s model (CDGA) with real coefficients. Another advantage is that our approach
works over an arbitrary real closed field.
Remark 4.5. (O-minimal category) We may work over any o-minimal category over any
general real closed field R. Let X be a bounded definable subset X of dimension d in Rm.
Assume that X ⊂ Im where I is the closed interval [0, L], L ∈ R. By subdividing I into n
intervals [L/n, (k + 1)L/n], Im breaks into m-dimensional small cubes Ui with 1 ≤ i ≤ nm.
For each i, set ci = 1 if X ∩ Ui 6= ∅, ci = 0 otherwise. Let δn :=
√
m · L/n, the diameter
of the small cube, and put v
(d)
n (X) :=
(∑nm
i=1 ci
)
(δn)
d. Then, by using Theorem 1.1, we can
show that vn is uniformly bounded in R, that is, there is c ∈ R such that v(d)n (X) < c for
any n ∈ N. Moreover, the d-th Hausdorff measure Hd(X) (or the volume) of X is given by
limn→∞ v
(d)
n (X), which exists in some saturated field containing R. However, the argument
about the saturated field is quite complicated, so we do not discuss it here. See [11] for details.
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